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a b s t r a c t
The paper deals with the development and computational assessment of three- and two-node beam ﬁnite
elements based on the Reﬁned Zigzag Theory (RZT) for the analysis of multilayered composite and sand-
wich beams. RZT is a recently proposed structural theory that accounts for the stretching, bending, and
transverse shear deformations, and which provides substantial improvements over previously developed
zigzag and higher-order theories. This new theory is analytically rigorous, variationally consistent, and
computationally attractive. The theory is not affected by anomalies of most previous zigzag and
higher-order theories, such as the vanishing of transverse shear stress and force at clamped boundaries.
In contrast to Timoshenko theory, RZT does not employ shear correction factors to yield accurate results.
From the computational mechanics perspective RZT requires C0-continuous shape functions and thus
enables the development of efﬁcient displacement-type ﬁnite elements. The focus of this paper is to
explore several low-order beam ﬁnite elements that offer the best compromise between computational
efﬁciency and accuracy. The initial attention is on the choice of shape functions that do not admit shear
locking effects in slender beams. For this purpose, anisoparametric (aka interdependent) interpolations are
adapted to approximate the four independent kinematic variables that are necessary to model the planar
beam deformations. To achieve simple two-node elements, several types of constraint conditions are
examined and corresponding deﬂection shape-functions are derived. It is recognized that the constraint
condition requiring a constant variation of the transverse shear force gives rise to a remarkably accurate
two-node beam element. The proposed elements and their predictive capabilities are assessed using sev-
eral elastostatic example problems, where simply supported and cantilevered beams are analyzed over a
range of lamination sequences, heterogeneous material properties, and slenderness ratios.
1. Introduction
Laminated composite structures have been used increasingly
over the past forty years in military and civilian aircraft, aerospace
vehicles, naval and civil structures. Offering extensive tailoring
capabilities to suit speciﬁc load paths, high stiffness-to-weight
and strength-to-weight ratios, these man-made materials have
also proven to provide major economic and environmental advan-
tages over the traditional metallic structures. When applied to pri-
mary load-bearing structures, the multilayered, sandwich, and
relatively thick-section composites are required. Such structures
are known to exhibit higher-order deformation effects due to
transverse shear and normal stresses and strains, thus requiring
advanced design and analysis methods that adequately take into
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appealing aspect of RZT for application to the ﬁnite element











































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































two-node element derived on
the basis of a constant shear-force constraint is the best performing
constrained anisoparametric element.
2
2. A brief review of Reﬁned Zigzag Theory for beams























necessary for the subsequent ﬁnite element develop-




































































































































Only planar deformations in the (x, z) plane are consid-ered under
the static loading which includes the distributed axial,
pb(x) and pt(x), and transverse, qb(x) and qt(x), loads (units of force/
length) applied at the bottom (z = h) and top (z = +h) beam sur-
faces. In addition, the end cross-sections are subject to the pre-
scribed axial (Txa, Txb) and transverse shear (Tza, Tzb) tractions.





¼ 1 0 z /
ðkÞ










where uðkÞx and uz are the displacements in the directions of the x-
and z-axis, respectively, and u is a vector containing the four kine-
matic variables of the theory. Note that uz = w(x) is uniform across
the depth of the beam, hence the superscript (k) does not appear
in the notation for this quantity. The kinematic variables are the
uniform axial displacement, u(x), the deﬂection, w(x), the average
cross-sectional (bending) rotation, h(x), and the zigzag rotation,
w(x). This additional variable, which does not appear in Timoshenko
theory, serves the role of adjusting the magnitude of the total zigzag
displacement, /(k)w(x), which is responsible for the modeling of
cross-sectional distortion.
The zigzag function, /ðkÞ  /ðkÞðfðkÞ;hðkÞ;GðkÞxz ;GÞ, has units of
length, is a piecewise linear, C0-continuous function of the thick-
ness coordinate; /(k) is also lamination and material dependent,
where the f(k), h(k), GðkÞxz and G quantities will be deﬁned subse-
quently. The /(k) function is deﬁned in terms of its layer-interface
values /(i)(i = 0, 1, . . ., N) such that the homogeneous conditions on
the top and bottom beam surfaces are identically satisﬁed (see
Fig. 2b depicting the notation for a three-layered laminate), i.e.,
/ð1ÞðhÞ ¼ /ð0Þ ¼ 0; /ðNÞðþhÞ ¼ /ðNÞ ¼ 0 ð2Þ
Thus, for the kth material layer located in the range [z(k1), z(k)], the







where f(k) 2 [1, 1] is the local, kth layer thickness coordinate de-
ﬁned as
fðkÞ ¼ ½ðz zðk1ÞÞ=hðkÞ  1 ðk ¼ 1; . . . ;NÞ ð4Þ
The ﬁrst layer begins at z(0) = h, the last N th layer ends at z(N) = h,
and the k th layer ends at z(k) = z(k1) + 2h(k), where 2h(k) denotes the
kth layer thickness (Fig. 2a).
/ðkÞ ¼ /ðk1Þ þ 2hðkÞ/ðkÞ;z ; /ðkÞ;z ¼ G=GðkÞxz  1 ðk ¼ 1; . . . ;NÞ ð5Þ
In Eq. (5) G denotes a weighted-average transverse shear modulus
















































































































































































































including the strains and stresses. The approach constructs a
multilayered cross-section whose material layers differ in their
Fig. 1. Notation for beam geometry and applied loading.
Fig. 2. Through-thickness layer notation and zigzag function of the Reﬁned Zigzag
Theory for a three-layered laminate: (a) layer notation and (b) zigzag function.
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transverse shear properties only inﬁnitesimally. This strategy, in
effect, achieves a homogeneous cross-section by forcing the kine-
matics into an inﬁnitesimally small heterogeneous behaviour.
Adopting the linear strain–displacement relations of elasticity




¼ 1 0 0 0 z /
ðkÞ

















Within the assumptions that (i) each material layer is linearly
elastic and orthotropic with the orthotropy axes corresponding to
the Cartesian coordinates, (ii) the beam exhibits the plane-stress
behavior in the (x, z) plane, and (iii) the transverse normal stress
rðkÞz is negligibly small compared to the axial and transverse shear













where EðkÞx and G
ðkÞ
xz denote, respectively, the kth layer axial and
transverse-shear moduli.
Note that the present zigzag function and associate kinematics
give rise to the transverse shear strain of the form













In addition, the average quantities of Timoshenko theory also ap-










cðkÞxz dz ¼ w;x þ h ð10Þ
2.2. Virtual work principle
The Principle of Virtual Work (PVW) can be employed to derive
the Euler–Lagrange equations of equilibrium and a set of consistent
boundary conditions. Presently, starting with the two-dimensional
elasticity theory and the corresponding form of the PVW, a one-
dimensional variational statement is obtained and then used to de-
velop several low-order beam elements. The two-dimensional























and (7) into Eq. (11) and integrating over the
beam’s
 









½Nxdu;x þMxdh;x þ Vxdðw;x þ hÞ þM/dw;x
þ V/dw pdu qdwmdhdx
þ ½NxaduðxaÞ þ MxadhðxaÞ þ VxadwðxaÞ þ M/adwðxaÞ





½rðkÞx ; zrðkÞx ;/ðkÞrðkÞx ; sðkÞxz ;bðkÞsðkÞxz dA ð13:1Þ
½Nxa; Mxa; M/a; Vxa 
Z
A
½Txa; zTxa;/ðkÞTxa; TzadA ða ¼ a; bÞ ð13:2Þ
are the reactive and applied stress resultants, and
½p; q;m ¼ ½pb þ pt ; qb þ qt;hðpt  pbÞ ð14Þ
are the combined distributed loads.
Integrating Eq. (13.1) while making use of Eqs. (2)–(8) results in











A11 0 0 0 B12 B13
0 Q þ k Q þ k k 0 0
0 k k k 0 0
B12 0 0 0 D11 D12










































Nx;x þ p ¼ 0
Mx;x  Vx þm ¼ 0
Vx;x þ q ¼ 0
M/;x  V/ ¼ 0
ð17Þ
and a set of consistent geometric (kinematic-variable) and kinetic
(stress-resultant) boundary conditions at the beam ends,
xa  (xa, xb), i.e.,
Fig. 3. Kinematic variables, stress resultants, and applied loading for RZT beam: (a)
kinematic variables and (b) applied loading.
4
either uðxaÞ ¼ ua or NxðxaÞ ¼ Nxa
either hðxaÞ ¼ ha or MxðxaÞ ¼ Mxa
either wðxaÞ ¼ wa or VxðxaÞ ¼ Vxa

















































































































































































































































































note that in this theory there are










































































































































































































































curvature, must vanish in a limiting sense,
i.e.,
c ¼ w;x þ h! 0 or w;x ! h ð19Þ
The implication is that the deﬂection w(x) needs to be approximated
by a polynomial that is one degree higher than that used for h(x), such
that the above constraint condition can be achieved without any
deleterious effects on the bending curvature. This interpolation
strategy was originally labelled interdependent to emphasize the
interdependent nature of w(x) and h(x) approximations, and later
the term anisoparametric interpolations was introduced to empha-
size the different polynomial degrees used in interpolating the











































































































resolution is to develop the corresponding constrained elements




















































a coupled deﬂection interpolation in which








3.2. Three-node, nine-dof anisoparametric element
Employing the anisoparametric (interdependent) interpolation
strategy, the lowest-order RZT element can now be formulated by











where N is a matrix containing the shape functions, and ue is the
vector of nodal dof’s; the N and ue are deﬁned as
N ¼
NL1 0 0 0 0 N
L
2 0 0 0





0 0 NL1 0 0 0 0 N
L
2 0

















½NQ1 ;NQm;NQ2  ¼
1
2




where n  2x/Le  1 2 [1, 1] is a non-dimensional axial coordinate,














































3.3. Two-node, eight-dof constrained anisoparametric elements
In the constitutive relations of RZT, Eq. (15), the transverse
shear force is a function of the two strain measures,
cðxÞ ¼ w;xðxÞ þ hðxÞ and gðxÞ ¼ w;xðxÞ þ hðxÞ  wðxÞ ð22Þ
and, in terms of these strain measures, Vx(x) can be expressed as
VxðxÞ ¼ QcðxÞ þ kgðxÞ ð23:1Þ
or, alternatively, Vx(x) can be expressed in terms of the c(x) and w(x)
quantities
Fig. 4. Nodal conﬁgurations for three-
 
and two-node anisoparametric elements based





VxðxÞ ¼ ðQ þ kÞ½cðxÞ þ rwðxÞ ð23:2Þ
where r 2 [1, 0] is a dimensionless transverse-shear material
parameter given by
r   k








The extreme values of this material parameter are: (a) r = 0 for
homogeneous cross-sections (when b(k) = 0), and (b) r? 1 for
highly heterogeneous cross-sections, such as in soft-core sandwich

























































































































































































































































































former (c = const.).
The expression for wm that encompasses all three constraint
strategies just described has the form
wm ¼ w1 þw22 þ
Le
8
½ðh2 þ cw2Þ  ðh1 þ cw1Þ ð25Þ
where (i) c = r if Vx = const., (ii) c = 1 if g = const., and (iii) c = 0 if
c = const.
The constrained deﬂection that also encompasses all three con-
straint cases is given by the hierarchical form
wðxÞ ¼ 1
2
ð1 nÞw1 þ 12 ð1þ nÞw2 þ a
Le
8
ð1 n2Þ½ðh2 þ cw2Þ
 ðh1 þ cw1Þ ð26Þ
where the leading term is the standard linear Lagrange interpola-
tion in terms of the wi (i = 1, 2) dof’s, and the higher-order term is
a bubble function which vanishes at the two end nodes of the beam
element. The tracer a, which equals 1 in this formulation, can be set























constrained elements, including the linear element, has the form
(refer to Fig. 5b for the nodal pattern of these elements)
N ¼
NL1 0 0 0 N
L
2 0 0 0



















0 0 NL1 0 0 0 N
L
2 0








ue ¼ ½u1 w1 h1 w1 u2 w2 h2 w2 T















then into Eq. (12), and
after
 
some straightforward operations, the element-level equilib-
rium equations take on the matrix form
Keue ¼ fe ð28Þ



















































































































qðxÞ;mðxÞ  T .
4. Example problems and numerical results
In this section analytic and ﬁnite element results are presented,
ﬁrst highlighting the capability of RZT to model laminated compos-
ite and sandwich laminates, and then focusing on the predictive








































































































































































































































































geometric boundary conditions deﬁned as (see Fig. 6a)
















































(Fig. 6b), a uniform pressure applied along the top surface
(Fig. 6c), and a linearly distributed pressure applied along the top
Fig. 5. Nodal conﬁgurations for three- and two-node anisoparametric elements
based on Reﬁned Zigzag Theory for beams: (a) anisoparametric element and (b)
constrained anisoparametric element.
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non-vanishing quantity for this


























































































































solution, labeled ‘‘NASTRAN’’, using a high-ﬁdelity, two-dimen-
sional, plane-stress FEMmodel obtained with MSC/NASTRAN
Table 1
Material mechanical properties.








f Ranging from 7.3  104 to 73.0 EðkÞx =2:5
Table 2







q0 (N/m) F (N)
A (0.10/0.80/0.10) (a/e/b) 3  106 2  103
C (0.33/0.33/0.33) (d/a/c) 2  103 –
D (0.33/0.33/0.33) (a/f/a) 1.5  107 –
Fig. 6. Geometry, boundary conditions, and applied loading for the four example problems: (a) simply supported beam under sinusoidal pressure, (b) cantilevered beam
under tip shear force, (c) cantilevered beam under uniform pressure and (d) cantilevered beam under linear pressure.
Fig. 7. Normalized deﬂection of a cantilevered beam under a tip shear force
(laminate A, q = 5).
Fig. 8. Normalized axial stress at the clamped end of a cantilevered beam under a





















































































In the ﬁgures, the special coordinates and response quantities
are normalized as follows

























































































































































































































































































whereas TBT is limited to a
non-varying (constant) solution and, as evi-denced from the
reference solution, its solution is erroneous.
Fig. 9. Normalized axial displacement at the free end of a cantilevered beam under
a tip shear force (laminate A, q = 5).
Fig. 10. Normalized transverse shear stress at the clamped end of a cantilevered
beam under a tip shear force (laminate A, q = 5).
Fig. 11. Normalized transverse shear stress at the free end of a cantilevered beam
under a tip shear force (laminate A, q = 5).
Table 3







XL: Linear isoparametric Eq. (26): a = 0 None 2 (8)
X0: Anisoparametric Eqs. (20), (21) None 3 (9)
Xc: Constrained
anisoparametric
Eq. (26): a = 1, c = 0 c = const. 2 (8)
Xg: Constrained
anisoparametric
Eq. (26):a = 1, c = 1 g = const. 2 (8)
XV: Constrained
anisoparametric
Eq. (26): a = 1, c = r Vx = const. 2 (8)
Fig. 12. Normalized center deﬂection, ~wðL=2Þ, versus span-to-depth ratio, q, for a
simply supported beam under sinusoidal pressure (laminate C; ne = 50
discretization).
8














































































































































































































































































































































































































































































































































The following numerical study is focused on demonstrating
the differences in the predictive capabilities between the four
































































































































largest discrepancies are manifested for the ne
 












































































































































































































































Since bothXV andX0 predict identical displacements at the end
nodes, it is worth to examine if there exist any discrepancies
Table 4
Simply supported beam, laminate D, q = 5. Normalized center deﬂection, ~wðL=2Þ, obtained with X0, XV, Xg, and Xc element discretizations, for different number of elements, ne,
and material parameter, r.
Stacking sequence properties Core-to-face Young’s modulus ratio, Eð2Þx =E
ð1Þ
x(refer to Tables 1 and 2)
105 104 103 102 101 9  101 9.99  101 9.9999  101
Material parameter, r
1.000 9.996  101 9.955  101 9.561  101 6.429  101 2.463  103 2.224  107 2.22  1011
ne Elem. Normalized center deﬂection ~w
6 X0, XV 0.977 0.978 0.981 0.990 0.985 0.979 0.979 0.979
Xg 0.977 0.978 0.981 0.990 0.984 0.971 0.972 0.972
Xc 0.483 0.489 0.540 0.784 0.970 0.979 0.979 0.979
10 X0, XV 0.992 0.992 0.993 0.996 0.995 0.993 0.992 0.992
Xg 0.992 0.992 0.993 0.996 0.994 0.986 0.985 0.985
Xc 0.714 0.719 0.759 0.908 0.989 0.993 0.992 0.992
50 X0, XV 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Xg 1.000 1.000 1.000 1.000 1.000 0.999 0.992 0.992
Xc 0.984 0.984 0.987 0.996 1.000 1.000 1.000 1.000
Table 5





Points along the beam – A B – A B C D
Tip load – 1.000 1.000 – 1.000 1.000 1.000 1.000
Uniform load – 0.987 1.000 – 0.995 1.000 0.999 1.000



























































































































































deep homogeneous beams. The deﬂection predictions with and without the use of
HLM, however, do not differ substantially. It is noted that in generating the results in
Table 4 for r? 0, the HLMwas not employed.
9
in the case of a distributed shear loading.
Fig. 16. Convergence of normalized center deﬂection, ~wðL=2Þ, for a simply
supported beam under sinusoidal pressure usingX0 andXV element discretizations
(laminate A, q = 5).
Fig. 17. Convergence of normalized axial displacement, ~uðL;hÞ, for a simply
supported beam under sinusoidal pressure usingX0 andXV element discretizations
(laminate A, q = 5).
Fig. 13. Convergence of normalized tip deﬂection, ~wðLÞ; for a cantilevered beam
under a tip shear force using X0 and XV element discretizations (laminate A, q = 5).
Fig. 14. Convergence of normalized axial stress ~rðLe=2;hÞ for a cantilevered
beam under a tip shear force using X0 and XV element discretizations (laminate A,
q = 5).
Fig. 15. Convergence of normalized transverse shear stress ~sðLe=2;hÞ for a
cantilevered beam under a tip shear force using X0 and XV element discretizations
(laminate A, q = 5).
10
between the results within the element span produced by these ele-
ments. In Table 5, maximum deﬂection results are compared for the 
problem of a cantilevered beam (laminate A) subjected to various 
transverse loads, for one- and two-element discretizations. It is seen 
that slightly different results are obtained within an element when 
the beam is subjected to a distributed loading. For example, for ne = 
2, the differences are less than 2%. All other response quan-tities, 
including the kinematic variables [u(x), h(x), w(x)] and the ax-ial 
strain and stress [eðxkÞ; rðxkÞ] are predicted identically by the two 
types of elements. This is because u(x), h(x), and w(x) are interpo-
lated by the same linear interpolations. At the element centers, the 
axial and transverse-shear strain and stress predictions by XV and X0 
correspond identically. Clearly, the XV element represents the 
desirable compromise between the nodal simplicity, accuracy, and 
computational efﬁciency. Furthermore, the XV element, based on the 
constant shear-force constraint, ensures comparable accu-racy even 
when the global, beam-level distribution is non constant,
Convergence studies examining displacement and stress predic-
tionsg., by the various anisoparametric elements for the 
cantilevered beam under a tip shear force are shown in Figs. 13–
15, and for the simply supported beam under sinusoidal 
































































































































































































































































































identical strains and stresses at the element centers.
5. Conclusions
In this paper, simple and efﬁcient three- and two-node beam
elements were developed which include the effects of the axial
stretching, transverse shear deformation, and zigzag kinematics.
The underlying structural theory is the Reﬁned Zigzag Theory
(RZT) for multilayered composite and sandwich beams recently
developed by the authors. For planar deformations, four kinematic
variables – one more than in Timoshenko theory – are required
within RZT. The additional kinematic variable, the zigzag rotation,
ensures a zigzag-like axial displacement and piecewise-constant
rotations closely resembling solutions of elasticity theory for lam-
inated composite structures. The theory enables a more accurate
representation of all displacement, stress-resultant, strain and
stress quantities, and unlike Timoshenko theory there is no reli-
ance on shear correction factors to yield accurate results.
The anisoparametric (aka interdependent), C0-continuous inter-
polations were employed for the kinematic variables of the theory
to obtain a three-node element. This interpolation strategy, which
involves independent assumptions of a quadratic deﬂection and
linear interpolations for the axial displacement, bending rotation,
and zigzag rotation, ensures free of shear locking performance for
the entire range of moderately thick to very slender beams.
By imposing three types of continuous shear constraints – two
on the distribution of the transverse shear-strain measures and one
on the distribution of the transverse shear force – three
constrained elements were generated, each having the desired
two-node conﬁguration. Stiffness and consistent load vectors were
formulated by Gaussian quadrature using formulas for exact inte-
gration. For comparison purposes, a fully integrated, two-node iso-
parametric linear element was also formulated and examined in
the studies of shear locking. This latter element was shown to ex-
hibit severe stiffening due to shear locking.
The new anisoparametric RZT-based elements demonstrated
excellent modelling capabilities and suffered no shear locking ef-
fects. The constrained anisoparametric elements produced compa-
rable accuracy of the unconstrained element, with the element
derived on the basis of a constant shear-force constraint demon-
strating the best overall performance of the three constrained ele-
ments. An important aspect of this two-node element is that it is a
true constant-stress beam element, with all of its classical stress
resultants being constant along the element length, thus enabling





























































































































































































































































































anisoparametric elements and the reduced integration





The strain–displacement Be matrix for the three-node, nine-dof
anisoparametric element is given by
Be ¼ 1
Le
NL1;n 0 0 0 0 N
L
2;n 0 0 0







1 0 0 0 0 LeN
L
2 0
0 0 0 LeN
L
1 0 0 0 0 LeN
L
2
0 0 NL1;n 0 0 0 0 N
L
2;n 0








Fig. 18. Convergence of normalized transverse shear stress, ~sðLe=2;hÞ, for a simply
supported beam under sinusoidal pressure usingX0 andXV element discretizations
(laminate A, q = 5).
Table B1
Simply supported beam, laminate C. Analytic center deﬂection, wA(L/2), obtained with







40.000 5 1.319  109
33.333 6 2.265  109
28.571 7 3.584  109
25.000 8 5.338  109
22.222 9 7.588  109
20.000 10 1.024  108
10.000 20 8.286  108
4.000 50 1.293  106
2.000 102 1.034  105
0.200 103 10.0  103
0.020 104 10.340
11
whereas for the two-node, eight-dof constrained anisoparametric
elements, Be has the form
Be¼ 1
Le
NL1;n 0 0 0 N
L






















1 0 0 0 LeN
L
2 0
0 0 0 LeN
L
1 0 0 0 LeN
L
2
0 0 NL1;n 0 0 0 N
L
2;n 0
































Figs. 12–18 (see Tables B1–B3).
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Simply supported beam, laminate D, q = 5. Analytic center deﬂection wA(L/2) obtained
with Reﬁned Zigzag Theory for different core-to-face Young’s modulus ratio.
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